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Abstract. The Plebanski type of the Ricci tensor is given for all Bianchi type metrics
admitting a four-parameter group of motions acting on null hypersurfaces using the
Ludwig~Scanlan classification method and the Newman-Penrose formalism. A class of
solutions is found for which the Ricci tensor has a null eigenvector.

1. Introduction

In the preceding paper (Abdel-Megied 1980) a classification method for the Ricci
tensor (Ludwig and Scanlan 1971) together with the Newman-Penrose formalism
(Newman and Penrose 1962) were used to determine the Plebanski types of the Ricci
tensor in space-times with a four-parameter group of motions G, acting on non-null
hypersurfaces.

In this paper we extend our study to the case where G, is acting on null hypersur-
faces. Aswe know, the isotropy group belonging to G, having three-dimensional orbits
as minimal invariant varieties must be a one-parameter group (Eisenhart 1961, Ehlers
and Kundt 1962). Consequently, the metric with such G, can be only one of the Petrov
types D, N or O (Ehlers and Kundt 1962).

We shall use here also the Newman—Penrose formalism to obtain the components of
the trace-free Ricci tensor. After a comparison with the classification method of
Ludwig and Scanlan (1971), here referred to as LS, and Hall (1976), one can determine
the Plebanski type (Plebanski 1964) and decide whether the Ricci tensor has null or
non-null eigenvectors (Hall 1976) (see also Crade and Hall (1979)). In § 2, we shall
calculate the spin coefficients for each type of metric using the complex vectorial
formalism (Cahen et al 1967, Israel 1970). In § 3, the Newman-Penrose equations,
here referred to as NP equations, will be used to determine the Petrov type
corresponding to each Bianchi-type metric and to get the trace-free components
of the Ricci tensor; then, after a comparison with LS, the Plebanski type can be
determined.

Throughout this paper, the signature of the space-time, in a locai Lorentz frame, is
—2, Greek indices with values 0, 1, 2, 3 are coordinate indices, while Latin letters are
tetrad indices.
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2. Spin coefficients and space-times having a four-parameter group of motions
acting on null hypersurfaces

All metrics admitting a four-parameter group of motions acting on null hypersurfaces
were given by Petrov (1969). Lauten and Ray (1977) investigated these metrics. Asa
result, we shall study all physical metrics with at least a four-parameter group of
motions G,.

These metrics are of the following Bianchi types:

(G4 1y) ds®= A%*(t) e >’ (2dt dx' —dx*’) - B¥(¢r) dx ¥, 2.1)
(G4 111) —ds?=2drdx" —2x> dx?dx*+ A%(£)(dx ¥ +dx*), (2.2)
(G4 V) ds?=2drdx'— A*(r) e (dx* +dx*), (2.3)
(G4 VL)  ds*=2dedx'— A%()(dx* +dx*), (2.4)
(G, VL)  —ds’=2drdx'+A%(t) dx® +2B(s) dx? dx*+ C*(r) dx*, (2.5)
(G4 VII)  ds*=2drdx'— A% dx¥ +dx™), (2.6)
(G4 VIL)  ~ds®=2drdx'—2e ™ drdx’+AX ) (e > dx® +dx*), (2.7)
(G4 VIIL))  ds®=2drdx'— A%(t)(cos’x® dx¥* +dx>"), (2.8)
(G4 VIII)  —ds®=2drdx"~2sin x” dr dx®+ A%(#)(cos x* dx > +dx*). (2.9)

For each type of the above metrics, we construct a complex null tetrad {*, n*, m*,
m* (Sachs 1961) as follows.

(G« 1) “=st, n* =" 55/ A%,
m*, m* = (e*" 84/ Axis%/B)/V2, (2.10)
(G, 111) * =¥, n* = -8k,
m*, m* =[(1/A)(1xix*/3)84 + (1A/2)85]/V2, (2.11)
where 2> = A*(¢)— (x*)*>0.
(G4 V) * =84, nt =¥, mt, m* = (e /V2A)(84 £i8%),  (2.12)
(G4 V1) =84, n* = 8%, m*, = (8% £i8%)/V2 A, (2.13)
(G4 V1) * =81, n=-38§,
m*, m* =[(1/A)(1£iB/2)5% F (1A/2)641/V2, | (2.14)
where 2> = A*(t)C*(t) - B*(t) > 0.
(G4 VII)  I*=8%, n* =84, m*, m* = e (8% £164)/V2A, (2.15)
(G, VIL,)  [*=8% n*=-54, me, e = (8% +e* 85 £i8%)/V2A,
(2.16)
) n* = db, m*, m* = (sec x>845 £i8%)/V2A, (2.17)

(G4 VIIL) [*=35
(G, VIIL) [*=5
m*, m* = (—tan x>8% +sec x84 £i8%)/V2A, (2.18)
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where from now on A = A(t), B = B(f) and differentiation with respect to ¢ will be
denoted by a dot.

In the above construction /* is chosen, except for G4 V, so as to coincide with one of
the generators of the group (Petrov 1969). Thus we have, in each type except for G, V,
that the vector /* is a null Killing vector.

The corresponding one-forms 6“ can be determined from the relations

dx* =1*°+n*9' —m"9> - m*o’. (2.19)
In terms of #° the metric takes the form

ds*=2(6°0"-6°9"). (2.20)
Now, the two-forms

Z'=6°r6" Z?=9"76% Z°=36'r6°-0>10%) (2.21)
form a basis for the space of self dual two-forms (Cahen et al/ 1967). The exterior
differential of these basic two-forms is given by

dZ'= o0 Z'—0,0 Z°,

dZ*=3030Z + 010 2>, (2.22)

dZ3=%0'1 /\Zl—%a'z/\Zz,

where o, o, and o are three complex one-forms.
Writing these three forms in terms of the basic one-forms 6 one obtains

Op = 0pad®, p=1,2,3. (2.23)

The quantities o, are called the Ricci rotation coefficients and are equivalent to the
twelve Newman-Penrose spin coeflicients (Newman and Penrose 1962). The relation
between the NP spin coeflicients and o, is known (Israel 1970).

We give now the one-forms corresponding to each type of metric (2.1)~(2.18).
Using (2.21), (2.22), (2.23) and the relations between the o,, and the NP spin
coeflicient (Israel 1970), we obtain, after somewhat lengthy calculations, the following
results.

(G4 1)) 6°=dx', 8'=A%e " ds,
V262 =—(Ae ™ dx*+idx?), 9°=6° (2.24)
and
k=oc=p=e=a=v=vy=0, B=—7r=—1-=i/\/§B,
A =(e*"/2A)B/B-A/A), w=—(*/2A%(A/A+B/B). (2.25)
(G, III) " =dx’, 0'=—ds, V20%=—-A[dx?—(1/AY(x* -iT) dx),
6> =6°, 3= A% (x>0, (2.26)
and

k=o=p=e=g=r=a=F=pr=0,
A =(A/A)AY/22-ix7/3), p=—(A/A)X*/Z),
y=3i(A/A)(x7/3). (2.27)
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6% =dt, 6'=dx',

V28 =—A e * (dx? +idx?), 6°= 67, (2.28)

kK=og=e=g=r=a=B=A=p=y=(,

p=A/A, w=3. (2.29)

0°=dx’, 6'=ds, V267 = -A(dx*+idx?), 6*= 67,
(2.30)

k=o=p=e=mr=r=a=B=A=pv=y=0,

w=—A/A. (2.31)

9°=dx’, ' =—ds, V26*=-A[dx* - (1/A)(B +i%) dx?],

6> =6, = A'C*-B?, (2.32)

kx=g=p=e=g=r=a=B=u=v=0,

A =—3[(In £/ A% +(iB/Z)(In A*/BY],

y = —4(B/Z)(In A*/BY (2.33)

9°=dx', o' =ds,

V26%=—Ae™ dx*+idx?), 6’ =6° (2.34)

kK=og=p=e=g=r=A=y=v=_,

a=B=1/2V2A, w=-A/A. (2.35)

0°=dx'—e* dx% 6! = —dr,

V20°=—A(e ™ dx*+idx?), 6’ = 6> (2.36)

kK=g=p=e=g=r=A=p=0,

a=p=i/2V2A, u=A/A+i/2A%, y=1i/4A% (2.37)

6°=dx’, 6' =dy, V26%=~A (cos x> dx*+idx?),

6°=6" (2.38)

k=g=p=e=g=r=A=y=p={,

a=B=itanx’/2V2A, w=-A/A. (2.39)

8°=dx' +sin x° dxz, gt =—dt,

V26°=—A(cos x> dx*+idx?), 8’ = (2.40)
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and
k=g=p=e=qg=r=A=v=0,

a =B =itan x*/2V2A, w=A/A+i/2A% y=i/4A%
(2.41)

From these results, we obtain the following geometrical properites for the null tetrad
used here (Sachs 1961, Israel 1970).

(1) For all metrics considered above, the congruences /* are null geodesics
parametrised by an affine parameter.

(2) Exceptfor G, V, the congruence is non-diverging, twist- and shear-free with {*
as a null Killing vector. In G, V, the congruence is twist- and shear-free but it is
expanding.

(3) Except in G, 1, the tetrad is parallelly propagated along /*.

3. Newman-Penrose equations and the Plebanski type of the Ricci tensor

Using the results of § 2, we can now insert the calculated spin coefficients for each
Bianchi type of metric (2.1)-(2.9) in the NP equations (Newman and Penrose 1962,
Pirani 1965). We write the intrinsic derivatives occurring in the NP equations as

Do =¢, 0", A¢ = ¢,,n", 8¢ = ¢, ,m", 8¢ = ¢, m*. (3.1)
From the NP equations, we obtain, for each Bianchi type, the following results.
(G 1)) Vo=V,=¥,=¥,=0, W, =8u—AA+3uA,
\ =R/24=-1/2B%
where R is the scalar curvature.
$oo = Po1 = Po2 = $11 =0,
$12= ¢21=~i(e™/VZBA®)(B/B), b2 ==Ap—2u" =A%

So, we have the following results.

The metric G,4 I, is of Petrov type N. If B = constant, we have the Lauten—-Ray
solution for a null fluid (Lauten and Ray 1977). In this case, we find that ¢, is the only
non-zero component of the trace-free Ricci tensor and after a comparison with LS
(Ludwig and Scanlan 1971), we conclude that the Ricci tensor has the Plebanski type
[4 N2y with Segre characteristic [(211)].

(G4 IID) Vo=V, =¥,=0, A=0
A — 6 = —Wa+ oy, AL =-2ur —(By—$)A —¥,,
$00= bo1 = bo2 = $11 =0, —Ap = p* AR+ ¢,
b12=~(A/2VI)NA/Z), -W¥;3=—(A/2)V2(A/Z),

z — [A4 . (x3)2]1/2.

Now, since ¢ ;> must be complex, it follows from the last two equations that A must be
constant, which implies that ¥; = 0. With A = constant, we see from (2.27) that all the
spin coefficients vanish. Consequently, we get ¥, =0. From these resuits, one can
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easily see that the metric G, III is flat. The transformation

V2i=x'~14 V2il=x'+1, P2=Kx’—(x*/K)?,

283 =x[K*-(x*/K)*]"*+ K sin ' (x®/K?), K = A =constant
takes the metric G, III into the Minkowski metric

ds?=di*—dz" —-dz*¥ -d#>.

(G4V) W0=W1=W2=W3=\P4=0, A=—A/4A,
and
boo=(A/A)—(A/A), b11=A, $22=—14, bo1 = Po2=¢12=0.

Thus the metric G, V is conformally flat. To obtain the conformal factor, we introduce
. -~ - ] -~ -~ .
new coordinates 7 = f (1/A)dq, #l=e* #2=x2 #*=x> so the metric takes the form

ds® = (A%[F)/#")(2dF df' —d#? - dz®).

From the above results, we see that the non-zero components of the trace-free Ricci
tensor are ¢go, P11, ¢22 and after a comparison with LS, we conclude that the Ricci
tensor has no null eigenvector. A calculation for the eigenvalues shows that the Ricci
tensor has the Plebanski type [T — S, —2S8,]1-1-1}, with Segre characteristic [(11)11].

(G4 V1) Vo=V, =¥, =V;=Y,=0, A=0,
and
bo0= Go1 = Po2= 11 = b12=0, $2=(A/Ay—(A/A).
Thus the metric G, VI, is conformally flat. With the new time-coordinate 7 = j A(r) dy,
the metric takes the form
ds® = A*()(2df dx' —dx*" = dx*).

Now, since ¢, is the only non-zero component of the trace-free Ricci tensor, then it
follows after a comparison with LS that the Ricci tensor has the Plebanski type [4 Nz
with Segre characteristic [(211)].

(G4 VI,) Vo=V, =V¥,=V¥;=0, A=0,
¥,=A+(iAB/23)(In A*/BY, 3=(A’C*-B»'?
and
00 = P01 = P02 = P11 = ¢12=0, $22=AX #0.

From these equations we conclude that the metric G4 VI; is of Petrov type N and the
Ricci tensor has the Plebanski type [4N];;; with Segre characteristic [(211)].

(GuVIL) Vo=V =¥;=V¥,=0, ¥, =-2A=1/6A%,
and
b00= P01 = P02= $12=0, é11=3A,
$r=—Au—p’, Aa = —pua.

From (2.34) and the last two equations we see that A must be constant. Consequently,
u must vanish, which implies that ¢,;, = 0. So, we conclude that the metric G, VII, is of
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type D. Now, since ¢4, is the only non-zero component of the trace-free Ricci tensor,
then it follows from a comparison with LS that the Ricci tensor has the Plebanski type
[2T-28];1.1; with Segre characterisitc [(11)(11)].

(G4 VIL) Vo=V, =¥,=V¥,=0, ¥,=-2A=1/6A%
and
boo= bo1 = o2 = $12=0, b11=3A,
brr=—Au—u’=(A/AY—(A/AP+1/4A%-2iA/A°.

Since ¢, must be real, then A must be constant. Now, the only non-zero components
of the trace-free Ricci tensor are ¢;; and ¢,;. A comparison with LS shows that the
Ricci tensor has the Plebanski type [2N —2S},_;;with Segre characteristic[2(11)]. The
metric of the Bianchi type is also of Petrov type D.

(G4 VIIL)) V¥o=¥,=V¥;=V¥,=0, ¥, =-2A=(tan’x’)/6 A%,
and
D00 = ¢o1 = P02 = ¢12=0, d11=3A,
hra=—Ap—pu’, Aa =—pua.

From (2.38) and the last two equations we see that A must be constant. Consequently,
= 0, which implies that ¢,,=0. So, we have the same results obtained in G, VII;.

(Gs VIIL)) Wo=¥,=¥,=¥,=0, U, =—2A = (1/4A(sec’x> + tan’x?),
and
b00= ¢o1= o2 =p12=0, ¢11=4A,
$=-Au—p’=(A/A)—-(A/A)+;A"-2iA/A.

As we have seen in G, VII, A must be constant, since ¢,> must be real. So, we have the
same results obtained in G, VII,.
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